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Abstract 

We construct IIA GS superstring action on the ten-dimensional pp-wave background, which 
arises as the compactification of eleven-dimensional pp-wave geometry along the isometry 
direction. The background geometry has 24 Killing spinors and among them, 16 components 
correspond to the non-linearly realized kinematical supersymmetry in the string action. 
The remaining eight components are linearly realized and shown to be independent of 
coordinate, which is identified with the world-sheet time coordinate of the string action 
in the light-cone gauge. The resultant dynamical A/'=(4,4) supersymmetry is investigated, 
which is shown to be consistent with the field contents of the action containing two free 
massive supermultiplets. 
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1 Introduction 



In most cases, M theory is much easier to handle when it is compactified along the small 
circle, in which the theory becomes the weakly-coupled IIA superstring theory. In this case 
we can use full power of perturbative string theory to probe the model. It may be true 
even in the M theory on non-trivial background such as pp-wave geometry The pp- 

wave geometry for IIB string theory is maximally supersymmetric@]. Furthermore, the IIB 
superstring theory on the pp-wave background reduces to free massive theory in the light- 
cone gauge and thus many techniques in string theory on the flat Minkowski background 
can be adopted. The theory is used to probe the stringy nature of four- dimensional Af = 4 
super Yang-Mills theory in |^ . 

On the other hand, even though M theory on the eleven-dimensional pp-wave is also 
maximally supersymmetric, it is not easy to probe various aspects on the theory due to 
the lack of powerful tool as much as string theory. Matrix model on pp-wave background 
[§, 3 has interesting property such as the removal of flat directions due to the presence of 
mass terms. Subsequently, various aspects on matrix theory in pp-wave background has 
been investigated |Tl[]-||T^. However it has time- dependent supersymmetry which does not 
commute with the Hamiltonian. The implication of the time-dependent supersymmetry is 
not clear. And still it may be desirable to study the model in the context of ten-dimensional 
string theory, more or less like the IIB string theory on pp-wave background. 

In this paper we consider the Type IIA superstring theory on the following ten-dimensional 
pp-wave background: 

8 

1=1 

where 

^(^0 = Ey(^T + E^(a^O^ (2) 

1=1 i'=5 

As shown in the appendix, this geometry comes from the compactification of the eleven- 
dimensional pp-wave geometry along the isometry direction It has 24 supersymmetry, 
thus one may fear that the theory is not so simple compared to the case of maximally 
supersymmetric IIB string theory on pp-wave geometry. As we will show, 16 supersymmetry 
in target space is non-linearly realized on the string worldsheet theory. On the other hand, 
eight supersymmetry is linearly realized. This eight, so-called, dynamical supersymmetry, 

^This is different pp-wave geometry from the one used by Alisfialiiha et.al. in ||l9|| . Their geometry comes 
from the T-duahty of IIB pp-wave. See also Refs. |T) for similar construction. 
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which is half to the maximally symmetric cases, turns out to be time independent. This 
means that each half of bosonic fields have the same mass as each half of fermionic fields, 
forming a supermultiplet. Thus the theory is described by the two-dimensional A/'=(4,4) 
supersymmetric theory with two massive supermultiplets. The light-cone action of the IIA 
superstring on the above pp-wave geometry turns out to have only quadratic terms, the 
same as the case of the IIB superstring theory on the pp-wave, thus the theory seems to be 
almost as simple as the IIB case. 

In section 2, we show that the pp-wave geometry admits 24 Killing spinors. In particular, 
we find the explicit form of the Killing spinors for later use. In section 3, we construct the 
ligh-cone superstring action on the above pp-wave background starting from the eleven 
dimensional supermembrane action on AdS4 x S''' in the pp-wave limit. The action becomes 
the one of two massive supermultiplets of (4,4) supersymmetry. In section 4, we identify 
the kinematical and dynamical supersymmetry on the worldsheet action. In particular, we 
give the transformation rules for the A/" = (4,4) worldsheet supersymmetry. In section 5, 
we draw some conclusions. In the appendix, we describe the compactification of the eleven- 
dimensional pp-wave which gives rise to the IIA pp-wave geometry and give some useful 
formula which is used in the main context. 

Note added: While writing this manuscript, there appeared a paper \T2\ which treats 
the same subject. However, the action obtained in that paper seems to be non-supersymmetric 
while the background geometry is obviously supersjTiimetric. 



2 Supersymmetry of IIA pp-wave geometry 

The IIA pp-wave geometry Eq. (|I]) has 24 Killing spinors. The original eleven-dimensional 
pp-wave background is maximally supersymmetric and therefore has 32 Killing spinors. 
Among them only 24 components survive after the compactification along x^. This can be 
shown by counting the number of spinors which are invariant under the Lie derivative along 
x^-direction.0 

Here we directly compute the ten-dimensional Killing spinor equations and get the ex- 
plicit expression for those Killing spinors. This will be needed in the study of supersymmetry 
in the IIA string theory and also it will illuminate the nature of supersjTumetry more clearly. 
The Killing spinor equations come from the vanishing of supersymmetry variations of grav- 
itino and dilatino fields, S^^ip^ = = 0. The general expressions for these supersymmetry 
transformation rules are given in the appendix. 
^See Ref. for detailed derivation. 
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The equation from the dilatino transformation rule, = 0, reduces to the condition 

p+^pl2349 _ 1)^ = . (3) 

From the gravitino transformation rule, we have another condition which is 

Sr,^,. = (V^ + %)ri = , (4) 
where the explicit expression for is given in the appendix. In our case at hand, Q± are 

n_ = , 

fi+ = -iiri23(r-+(9-ri2349) + (i5_7ri2349)^ _ 

For the spinors 7] which satisfy Eq. (j^), fi/'s are given by 

6 

Q,, = _iiri23r+r' . (6) 

In order to see the structure of the spinor more clearly and to solve the Killing spinor 
equations explicitly, we now introduce the following representations for S0{1,9) gamma 
matrices: 

ro = -ta^ ® lie , = a^0 Ue , = ® ^ , 

Y^ = -a^0^\ r± = ^(ro±rii) , (7) 

where a's are Pauli matrices, and lig the 16 x 16 unit matrix. 7^ are the 16 x 16 symmetric 
real gamma matrices satisfying the spin(8) Clifford algebra {7'^, 7"'} = 26^"^, which are 
reducible to the 8s + 8c representation of spin(8). We note that, since we compactify 
along the direction, is the S0{1, 9) chirality operator and 7^ becomes S0{8) chirality 
operator, 

7^ = y...7^ 

Firstly, we consider the 16 component spinor which satisfies 

T+fj = 0, (8) 

which is clearly a solution of the condition, Eq. With the above gamma matrix repre- 
sentation, Eq. (1^, the transformation parameter fj is of the form 
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By plugging this into the condition Eq. (H), we see from the — and / components of the 
condition that fj is independent of the coordinates x~ and , and hence e may be at most 
a function of x^. 

The + component of Eq. (^), which is the only remaining nontrivial condition and 
specifies the light-cone time dependence of the spinor e, is read as 

d^~e = -^^''Hl-ll''''re- (10) 
Since (7^^^"'^)^ = 1, it is now convenient to decompose e as e = e+ + where are 
eigenstates of 7^2349. 

712349?^ = ■ (11) 

Then solving the Eq. ([T0|) for each of leads to 



r = (12) 

where are constant spinors with eight independent components. Therefore the 16 com- 
ponent Killing spinor fj considered so far depends only on x~^ and, as will be shown in the 
next section, correspond to 16 kinematical supersymmetry of the IIA string action. 

Next we consider eight remaining Killing spinors, which will correspond to the dynamical 
supersymmetry of the string theory. First of all, from the condition, Eq. (^, the transfor- 
mation parameter of the dynamical supersymmetry can be written of the form, 

^ = ( J. ) , (13) 

where e should satisfy 7^2349^ _ _^ rpj-^g ^- component of the Killing spinor equation 
reduces to d^f] = 0, which means that f] is independent of x~ . The x^ components of 
Eq. (H) reduce to {dj + Qi)ri = 0. Since QjQj = for any I, J = 1, ■ ■ ■ , 8 due to the fact 
that (r+)2 = 0,7] depends on X , at most, linearly and thus is of the following form 

V = {l + x'Qi)(^l^ , (14) 

where e is independent of x^ as well as x~. One can easily convince that this automatically 
satisfies (V+ + ^+)'r] = as well only if e is independent of x~^. This means that the 
eight dynamical supersymmetry in the light-cone IIA superstring action, which corresponds 
to this Killing spinor, is independent of time and thus becomes genuine symmetry which 
commute with the Hamiltonian. The fermions in the matrix model in eleven dimensional 
pp-wave background have different masses from those of bosons as the supersymmetry in 
matrix model does not commute with the Hamiltonian. Now it is natural to expect to get 
the same mass content in bosons and fermions, which is indeed the case as will be shown in 
the next section. 
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3 Light-cone IIA superstring action in plane wave back- 
ground 



The best way to get the IIA GS superstring action in the general background is the double 
dimensional reduction of the supermembrane action in eleven-dimensions [^]. In general, 
it is very complicate to get the full expression of the GS superstring action in the general 
background, which is up to 32th order in terms of the fermionic coordinate. However, in 
the case at hand, we know the full action of supermembrane in eleven- dimensional pp-wave 
background. This comes from the fact that eleven-dimensional pp-wave geometry can be 
thought as a special limit 0, ^ of AdS4^ x S"^ geometry on which the full supermembrane 
action is constructed using coset method [E^. Therefore we start from the supermembrane 



action in eleven-dimensional pp-wave in the rotated coordinates Eq. (41), given in the ap- 
pendix. The supermembrane is wrapped on x^, and becomes IIA superstring after the 
double dimensional reduction along x^. 

The general expression of the eleven dimensional supermembrane action is too compli- 
cated, especially for the double dimensional reduction. Thus we first simplify the action by 
fixing the fermionic /t-symmetry, 

T+e = . (15) 
Super elfbein of Ref. in this fixing condition has the following form:^ 



E" = D9 



E^ = + eroe . (le) 

where 6 = iO^T^ and DO is the super-covariant one-form whose general expression is given 
by 

De = de + \u''Trse + ^^^(r/*"' - r*™i)^F,,,, . (ir) 

In the pp-wave background geometry, Eq. (^I]) , and in the K-symmetry fixing condition, 
Eq. (|T^), DO reduces to 

where F^^^ comes from the non-vanishing constant four-form field strength and F^^ is due to 

the component of the spin connection Cj^ = —fi/Q, which is related to the ten dimensional 

^The index notations adopted here are as follows: M,N, ... are used for the target superspace indices 
while A, B, ... for tangent superspace. As usual, a superspace index is the composition of two types of indices 
such as M = {fJ-,ct) and A — (r, a). fj,,i/,... (r, s,...) are the ten dimensional target (tangent) space-time 
indices, a,/?, ... (a, 6, •.■) are the ten dimensional (tangent) spinor indices. For the eleven dimensional case, 
we denote quantities and indices with hat to distinguish from those of ten dimensions. m,n, ... are the 
worldsheet vector indices with values r and a. The convention for the worldsheet antisymmetric tensor is 
taken to be e'^°' — 1. 
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RR two- form field strength as uj^ = -F+4/2 under the Kaluza-Klein reduction. In the 
K-symmetry fixing condition, the super three-form field is simplified as 



B = -e+ Ae' A &C+ij - eV^jDO A e+ A 



(19) 



where / = 1, 9. 

Through the usual Kaluza-Klein reduction, the super zehnbein is related to the above 
super elfbein. Among the super zehnbein fields, E'^ is the only what we need for the 
construction of the superstring action and is obtained from the relations E^^ = ^~^/^E^ 
and E^ = ^~^/^e'^^^E^ where $ is the super dilaton field given by Eg ||2^. Their explicit 
expression in the component form is then 



e: 



^ - V 3 



-{er 



(20) 



Having the component form of the ten dimensional super fields, it is ready to construct 
the Type HA superstring action in the pp-wave background, Eq. (|I]). In the superspace 
formalism, the IIA superstring action is written as follows p3[| : 



where UL^ is the puUback of super zehnbein onto the worldsheet; 



(21) 



nr o r^M rpr 

m — 



By using the super zehnbein fields, Eq. 
ground, Eq. (|lD, is expressed as 



each component of the pullback in the back- 



n- = d^x~ + d^X' 



(22) 



On the other hand, the super three-form field, Eq. (|l^), leads to the following Wess-Zumino 
term: 



-e Om^ C„Z n^NM 



e^^d^x^{ev-'dj 



(23) 



Plugging the expressions, Eqs. (|2^) and (123|) into the super field action, Eq. (|2l|), we then 
finally get the K-symmetry fixed action in the component form for the Type IIA superstring 
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in the pp-wave background, Eq. (|l]), which is obtained as 
1 



S 



IIA 



Ana' 



d'aV-hh" 



2d^X+dnX- + dmX'dnX' - A{X')dmX+ d^X^ 



-2dmX+9T-dJ + ^d^X+dnX+9T- (^ri23 ^ 1^49 ) g 



2-na' 



(24) 



We now consider the bosonic hght-cone gauge to get the action for the physical degrees 
of freedom. The equation of motion for X^ is harmonic, the same as in the flat case, which 
means that the usual light-cone gauge, X^ oc r, is allowed. We then take the conventional 
light-cone gauge conditions as follows: 



I + 

a p T , 

1 , 
. 



(25) 



where is the total momentum congugate to X~ . The last two conditions are for the fixing 
of the worldsheet diffeomorphisms and allow us to fix other worldsheet metric components 
consistently as 



In this bosonic light-cone gauge choice, the superstring action, Eq. 
and the light-cone string action, which we call Slci is read as 



is further simplified. 



S 



1 



LC 



Ana' 



1 1 



rT'-d^Xdr.X' + '^{X^f + '^{X^'f 



(26) 



where we have rescaled the fermionic coordinate as 6 ^ 9/ y/2a'p~^. m is a mass parameter 
defined by 

m = iia'p'^ , 

which characterizes the masses of the worldsheet fields. We see that the light-cone gauge 
fixed action Slc is quadratic in fields and thus describes a free theory as in the IIB case |0. 

Though it is now obvious that Slc describes the theory of free fields, the mass spectrum 
is still unclear due to the mass term of fermionic fields. Reading off the mass contents of 
the fermionic fields is necessary and important step, especially to see the supersymmetry of 
the action more clearly, which will be elucidated in the next section. We first rewrite the 
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action in the 16 component spinor notation with 9^ = ( ) (Superscript A denotes 



the S'0( 1,9) chirahty.), under which we have 



Slc = --r— I 

Ana 



.2 ^2 



9 -3d 



(27) 



Let us observe that (7^^^^)^ = 1 and [7"^2^^,7^] = 0, which mean that a fermionic field 
with definite 5*0(8) chirahty can be decomposed according to the eigenvalues of 7^2^^: 
= + Tp^ where ifj^ are eigenstates of 7""^^^^, that is, '-y^'^'^^ip^ = ±ip^. With this 
decomposition, the fermion mass term in the light-cone action, Eq. (|27|) , can be rewritten 
as 

-2.^^^7Vi + 2.^^!7Vl. (28) 

In our notation, fermion has the same S0{1, 9) and 50(8) chirahty measured by and 7^, 
respectively. Thus, among sixteen fermionic components in total, eight with ^12349 _ have 
the mass of m/6 and the other eight with 7^22^^ = —1 the mass of m/3, which are identical 
with the masses of bosons. Therefore the theory contains two supermultiplets (X*, ■i/'i, ■?/'^) 
and (X*', ■?/'^, ^/'i) of (4,4) supersymmetry with the masses m/3 and m/6, respectively. 

4 A/^=(4,4) Worldsheet Supersymmetry 

In this section we describe the supersymmetry in the above light-cone fixed action, Eq. (p7|). 
The supersymmetry transformation (5^) for the worldsheet fields is the odd part of the 
supertranslation in superspace, which is read off from 

6,Z^El, = r/V (29) 

With these relations, the supersymmetry transformation rules in the light-cone gauge, 
Eq. (|25|), and the k symmetry fixing condition T^O = are obtained as 



6r,X+ 


= 0, 


Sr^X" 




5r,X^ 









(30) 

For the kinematic supersymmetry 6fj with the parameter fj of Eq. (|^) satisfying r~^fj = 0, 
the light-cone gauge choice X"*" = a'p^r is preserved and the transformation rules for the 
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physical degrees of freedom are 



5X' = , 

= fj^ . (31) 

These rules tell us that the kinematic supersymmetry is nonlinearly realized on the string 
worldsheet. 



For the dynamical supersymmetry 6^ with the parameter of Eq. (JIJ), fermionic k- 
symmetry fixing condition is no longer preserved, because r~^ri ^ 0. Therefore we need 
the supplement k transformations so that the total transformation rule, 

5 = (5^ + 

preserves K-symmetry fixing condition. In the superspace notation, the k symmetry trans- 
formation ((5k) satisfies the following equations 

b^Z'^'El, = 0, 

6,Z''El, = il-TTy,K\ (32) 
where the matrix F is given by 

F = -^e™"n;,n:F,F, (33) 

with the determinant g of the induced metric gmn given by gmn = ^m^nVrs- T has the 
properties as a projection operator: 

F^ = 1 , TrF = . (34) 

In the component notation, the transformation rules for the K-symmetry in our gauge choice 
become 

= 0, 
6^X~ = (5k^^F-^^, 

= (l-FF^)^:^. (35) 



For the superstring case, it is usually convenient to introduce 



= -t^^U^r^^ , (36) 
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which allows us to view the parameter k as a worldsheet vector. It is easily checked using 
Eqs. ( p3D and (p^) that (k^) is the (anti-) self-dual vector and thus each worldsheet 
vectors has one independent component, say p^. In our notation, k^'^ = —n^^ = —p^ and 
K^"^ = K^" = — p^. Then the 6^9^ becomes 

SJ"^ = liW^.K^"^ . (37) 

Now one can find the appropriate k transformation parameters so that the total trans- 
formation rules obey Y^bQ = 0.0 The resultant transformation rules are as follows: 

y/a'p+ \'a'p+ V 3 6 / 

Si^' = ^(a.X^ + c?.X07V + ^(^^V'V + ^^W)e\ (38) 
y/a'p~^ \/a'p'^ V 3 6 / 

where we performed the rescaling in fermions t/^ if) / {2^/^yJ2a'p^) and the supersymmetry 
parameter e given in ([M])- Now it is straightforward to check that the light-cone 

action Eq. (|27|) is on-shell invariant under the above (4,4) supersymmetry, Eq. (|38|) . 



5 Discussions 

The simplicity of the action of the IIA GS superstring on the pp-wave geometry and its 
supersjTumetry is quite striking. The light-cone action consists only of quadratic terms and 
thus the theory is free. Furthermore the dynamical supersymmetry is independent of the 
worldsheet time coordinate which implies that the fields in the same supermultiplet have the 
same mass. Since the number of dynamical supersymmetries is half the number of those in 
IIA superstring on the fiat background, the full field contents split into two supermultiplets. 
Each supermultiplet consists of half number of bosons and fermions which has the same 
mass. Therefore the theory can be interpreted as the free A''=(4,4) two-dimensional theory 
with two massive supermultiplets. 

The mode expansions are straightforward and the spectrum should have the same su- 
persymmetry structure. It should be much more straightforward to find BPS D-branes in 
the string theory [^, |2^, |30|, ^ than the original eleven-dimensional M theory. For 



example, all the BPS states found in |TT|, |T^, ^ in the context of matrix model in eleven 
dimensions would be found in this string theory. The IIA matrix string theory on pp-wave 
background should also have the same supermultiplet structure as it becomes free string 



For example, see Ref. 
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theory in the IR hmit. In that sense, the matrix string theory on ten dimensional pp-wave 
seems to be more transparent than the matrix model on eleven dimensional pp-wave. All 



these will be presented in the forthcoming paper 33 



Appendix 

In this appendix, we describe how to get the ten-dimensional IIA pp-wave through 
the dimensional reduction from the eleven-dimensional pp-wave. We also give some useful 
formula used in our computations. 

The pp-wave geometry in eleven-dimensions is given by 

dsi, = -2dxux- - (j: ^{xr + E ^ixy] {dx^f + jzidx^f , 

F+123 = , (39) 

where /i is a parameter of the geometry and characterizes the matrix theory of Ref . 0] . 
We change the coordinates as 

X+ = x+, X- = x--^xV, X^=x\ / = 1,2,3,5 ■■■8 , 
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X^ = cos(^x+) - sin(^X+) , = sin(^x+) + cos(^x+) , (40) 
6 6 6 6 



under which the geometry becomes 
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dsl, = -2dx+dx- - [J2 y (^')' + E (^^^)' + ^f^^'dx^'dx^ + Y^idx'f , 

i^+123 = /i • (41) 

Therefore in the new coordinates, dg = is an isometry. If the coordinate is periodically 
identified, M theory in this pp-wave background can be compactified to give type IIA string 
theory in the following new pp-wave geometry: 



ds^ = -2dx+dx- - A{x^){dx+f + J2id. 



x'f 



1=1 



F+123 = , ^+4 = -| , (42) 

where 

i=l i'=5 

From this ten dimensional IIA geometry, we may choose the zehnbein as 

= dx^ , 
e~ = dx" + ■^A{x^)dx'^ , 

= dx^ . (44) 
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The only non-vanishing spin connection one-form is 

oj-^ = ]^diA{x^)dx+ . (45) 

The supersymmetry transformation rule for the ten-dimensional gravitino ■^^j in the 
string frame and in the vanishing fermion background, is 

(^^V'm = (Vm + %)r} , (46) 
where the covariant derivative is given by 



and 

+^e;(r/*" - %lV'-)V''r^H,,^ + ^e;(3r/*- - 205;r*-)77e'^F;,„„ . (47) 

The dilatino field transforms under the supersymmetry as 

1 S 
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